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Abstract: We prove an explicit formula to count the partitions of n whose product of the
summands is at most n. In the process, we also deduce a result to count the multiplicative
partitions of n.
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1 Introduction

A partition of a non-negative integer n is a representation of n as a sum of unordered positive integers
which are called parts or summands of that partition. The number of partitions of n is denoted by p(n).
For example, the partitions of 7 are:

1+14+14+14+14+1+1,

141+ 1+ 1414214+ 14+ 14143, 1414144 14+1+51+6,7,
1414142421+ 14243,14+244,2+5,1+3+3,3+4,
142+242,2+243.

So, p(7) =15.

Many restricted partitions such as partitions with only odd summands, partitions with distinct
summands, partitions whose summands are divisible by a certain number, partitions with restricted
number of summands, partitions with designated summands, etc. have been studied over the last two
and half centuries. The partitions of n whose product of the summands is at most n are another kind of
restricted partition. We denote the total number of such partitions of n by p<,(n). Also, we denote by
P—n(n) the number of partitions of n whose product of the summands is equal to n. Similarly we use the
notations p.,(n), p>n(n), etc.
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ON THE NUMBER OF PARTITIONS OF # WHOSE PRODUCT OF THE SUMMANDS IS AT MOST n

The value of the product of the summands of a partition depends on the summands of that partition
which are greater than one. We call these summands the non-one summands or non-one parts. Let n be
a positive integer and the canonical decomposition of n as a product of distinct primes be

_ 0,02 o,
n=p'py-p’,

where o € N for all i =1,2,...,r.
As a consequence of the fundamental theorem of arithmetic, we have the following proposition.

Proposition 1.1. The product of the summands of a partition of n is equal to n if and only if
1. each summand is a divisor of n, and
2. pi appears as a factor of the summands exactly o; times, for alli=1,2,...,r.

Proposition 1.2. Let the product of the summands of a partition of n be n, and each non-one summand
of the partition has one prime factor. The total number of such partitions of n is

HP(OQ')'
i=1
Proof. Let Ay +A;+---+ A be a partition of a;. Then,
PP+ pl <P,

since, for all positive integers a,b > 1, we have a+ b < ab and the equality holds only for a = b =2. So,
for any positive integer ¢ > 1, we have a+b+c¢ < ab—+c < abc, and so on.

Here, each non-one summand of a partition of n has only one prime factor. So, by the Proposition
1.1, we get the result. O

A multiplicative partition of a positive integer n is a representation of n as a product of unordered
positive non-one integers. The multiplicative partition function was introduced by MacMahon [6], [7]
in 1923. Since then many properties of this function have been studied. Some works can be found in
(1], [2], [3], [4], [5] and [8]. p=n(n) is equal to the total number of multiplicative partitions of n. In this
paper, we introduce and prove formulas for p<,(n) and p-,(n), and using both we find p_,(n).

2 Formulas for p<,(n), p<,(n) and p—,(n)

The floor function of x, denoted by |x|, is the greatest integer less than or equal to x, where x is any
real number. In this section this function appears many times.

Theorem 2.1. We have

pen(n) = n+kf ij L) | ZZHJ Q”ZHJ Lt 1>7 (2.1)

=2i1=2 =i i3=ip ik—1=lk—2 niz-
where 2¢ <n < 20+1

Proof. 1+141+4---41 is the only partition of n where there is no non-one summand. The partitions
of n where there is only one non-one summand are

I+ +1+142,1+-4+14+3,...,1+1+(n—2),14+(n—1) and n.
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So we get n— 1 partitions whose product of summands < n and one partition whose product of summands
=n.

Now, we count the partitions where there are only two non-one summands.

T T 14242, 4 14243 T4 4244, 1+24 (1 —3),2+ (n—2),
T4+ 14343, 14+34+4,... . 1+3+(n—4),3+ (n—3),

and so on.

Here, in the first row, where the initial non-one summand is 2, the total number of partitions whose

product of summands <n is L%J — 1. That of second row is L%J —2. In this way we can count up to the

row where initial non-one summand is [/n]; since (|/n] +1)(|/n] +1) > n. Thus, the total number of
such partitions having exactly two non-one summands is

5 (|2]-a1)

To see the clear picture, we now count such partitions where there are four non-one summands.

Lot I 142424242 T 142424243, 14 +2+2+42+4,... 242424 (n—6),
T4 41424243431+ 4+242+43+4,....242+3+(n—7),
14+ 14242+4+4,... 24244+ (n—38),

14+ + 142434343, 1+ +2+43+3+4,1+---+24+34+3+5,...,243+3+(n—8),
T+ 4+2+43+44+4 1+ +2+434+4+5,...,2+3+4+(n—9),
I+ +2434+5+5,...,2434+5+(n—10),

T 143434343, 1+ 43434344, 1+ +343+345,...,343+3+(n—9),

and so on.

In the first row, the number of partitions whose product of summands < n is ng.zJ —1. So, in the
first group of rows, the number of partitions whose product of summands < n is

WEI L a1
532:’2 <{2‘2‘i3J_l3+1>.

In the second group of rows it equals to

NEL A
= ({2.3.1-3J —13+1>.

)y
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When the initial non-one summand is 2, then we can count up to the partitions where the second
non-one summand is LQ/W J Thus, when the initial non-one summand is 2, then the number of partitions

whose product of summands <n is

§ Wiﬂ({z " L)

i3=ip

In this way, we can count up to the group of rows, where the initial non-one summand is |/n]. Therefore,
the total number of such partitions having exactly four non-one summands is

L{J{ZJ {QJQH n 3J—i3+1>-

= =i 3=

Thus, when there are exactly k non-one summands, then the number of partitions whose product of
summands <z is

wlEllvel sl
Z Z Z Y (Lliz”_ili—lk1+l>. (2.2)

=2 =i i3=ip ik—1=lx—2

If 20 < n < 21 then a partition of n, whose product of summands is < n, must have at most ¢
non-one summands. This completes the proof. O

Corollary 2.2. We have
p<n(n) = p<ni1(n+1).

Proof. If we observe the expression (2.2), then we see that if the product of the summands is n then n
is divisible by ijip---ix—1. So, to find p-,(n), we can take

n—1 .
\‘. ; : Jlk_1+l,
iyiy - ig—1

since a{n implies ng = L%J for all positive integer a.

Again, when there are exactly k non-one summands, then the product of the summands is n if \/n
is an integer. Also, if \/n is not an integer, then [/n] = |v/n—1]. So, to find p<,(n), we can take the
value of i; up to L\’Vm J In this way we get, when there are exactly k non-one summands, then the
number of partitions whose product of summands < n is

wn;wlzrw%m )

ir=i] i3=iy ik—1=lk—2

iy ig—1
Now, we get the following two cases.

1. 28 < n <21 In this case, 2/ <n—1 < 2+ and a partition of n whose product of summands is

< n must have at most ¢ non-one summands.

2. n=2% 1In this case, 27! <n—1 < 2! and we must have at most £ — 1 non-one summands.
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So, combining both cases, we can take the value of k up to s, where 25 <n—1 < 257!, Hence,

penln)=n—1 +ki WZ_IJ LZFJ {ZFJ "-L ZJ Q_lJ et 1)

=2 =2 =i i3=iy i 1=ig 2 iy le-1

= p<p—1(n—1).

Corollary 2.3. Forn> 1, we have
P=n(n) = p<n(n) = p<p-1(n—1).
Corollary 2.4. If n is a prime, then
p<n(n) =p<p_1(n—1)+1.

Proof. If n is a prime, then the product of the summands of any partition of n with more than one
non-one summands can not be n. So, from the proof of the Corollary 2.2, we get

NG GBI V== P
Pgn(”l)zl—l-n—l-f-z Z Z Z Z ({MJ_ikl+1)a

k=2 =2 i lg—1
where 2° <n—1 < 25!

ir=i] i3=iy if—1=lk—2

= 1+p§n_1(l’l— 1).

3 Concluding remarks

A few values of p_,(n), p<,(n), p>n(n) and p~,(n) can be found in the OEIS sequences A001055, A096276,
A319005 and A114324 respectively. The Corollary 2.2 implies that the sequence A096276 gives the
values of p.,(n) too.

It seems that an explicit formula for p>,(n) or p~,(n) in the spirit of Theorem 2.1 can be found. We

leave this as an open problem.
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